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Conclusions
A feedback control law for performing planar rendezvous and

docking maneuvers is presented. The control law uses a feedback
linearization approach and guarantees tracking along an arbitrary
� xed dockingdirectionwith a desiredapproachspeed.Although the
control scheme is based on the linear CW equations,a simulationof
the nonlinear system shows that the control law results in accurate
rendezvous and docking conditions. The feedback control law is
relativelysimple and thereforemay be a potentialonboardguidance
scheme for autonomous docking maneuvers.
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Introduction

T HIS Note describes an alternative modeling scheme for the
uncertainty present in aerospace � exible structures by a

nonconservativecharacterizationof the regions containing the per-
turbed eigenvalues of the dynamical system. In general, the term
� exible structure is commonly used for linear systems with oscilla-
tory properties characterizedby a strong ampli� cation of harmonic
signals at the natural frequencies,and its transfer function poles are
complex conjugate, typically with a small real part.1 For the case
of aerospace applications, these structureswill have many resonant
low frequencies with damping properties of approximately 0.5%
critical, and often they appear in closely spaced clumps throughout
the control system bandwidth. Frequently, the natural frequencies
and damping factors (!i and ³i ) of the structural modes that are
included in the model are not known exactly.

Such inaccuracies or errors can be represented in two different
ways.In the frequencydomainthreecommonwaysof describingun-
structureduncertaintyare used.The differencebetween the nominal
model and the real plant can be presented as additive or multiplica-
tive uncertainty. A constraint is that these families of models must
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have the same number of right-half plane poles as the nominal one.
Another description2 is based on the uncertaintyon the coprime fac-
tors. These descriptionsdo not have the previous limitationbut may
lead to conservative representationsfor lightly damped structures.3

In the time domain uncertainty modeling can be described by the
model parameters. In particular, the uncertainty can be expressed
by variations in the A, B, C , or D matrices of the state-space rep-
resentation of the model, i.e., G.s/

sD .A; B; C; D/.
The approach adopted here is motivated by that of Smith,4 which

describestheuncertainmodel througha linearfractionaltransforma-
tion (LFT), where the uncertaintypresent in the damping factor and
natural frequencyof each � exible mode is modeled through pertur-
bations that affect the eigenvaluesof the real modal dynamic matrix
of the model. Hence, a nonconservativeuncertainty description of
these type of structures can be used to design robust controllers
by standard methods such as H1 or ¹-synthesis.5 The object of
this work is to point out that the real block diagonal perturbations
(highly structureduncertainty) derived from the natural frequencies
and damping factors can be described with no conservativenessas
unstructureduncertainty.Therefore, optimal controllersmay be ob-
tained for this class of uncertain models without having to take into
consideration the real nature of the uncertainty and its particular
structure. To illustrate this uncertainty modeling technique, the re-
sults are applied to the synthesisof controllersfor a � exible structure
that is well-known in the literature.6 In this case they were designed
to increase the damping in the lightly damped low-frequencymodes
without affecting its neglected higher-frequencydynamics.

Uncertainty Modeling and Perturbed
Eigenvalue Regions

Let A 2 IR2n £ 2n be a modal matrix with n pairs of complex con-
jugate nominal eigenvalues ¸i§ D ®i § j¯i and W 2 IR2n £ 2n a di-
agonal weightingmatrix. Now consider the uncertaintyas perturba-
tions to the nominal system eigenvalues represented by a particular
LFT that replaces A by A C W1, where 1 D diag.1i /, 1i 2 IR2 £ 2,
N¾ .1i / · 1, i D 1; : : : ; n, and N¾ .¢/ denotes the maximum singular
value. For the speci� c LFT to be used, the A matrix must be in real
modal form:

A D diag.A1; : : : ; An/; Ai D
®i ¡¯i

¯i ®i

(1)

W D diag.w1 I2; : : : ; wn I2/; wi > 0 (2)

The matrix W de� nes 2n disks in the complex plane centered at the
eigenvaluesof A, where wi represents the disks radii located at ¸i§.
Now, consider the problem of describing the uncertain model with
inputs u and outputs y via an upper LFT formulation Fu [Q.s/; 1]
so that all uncertainty can be represented as

y D fC[s I ¡ .A C W1/]¡1 B C Dgu (3)

where

Fu [Q.s/; 1] D Q211.I ¡ Q111/¡1 Q12 C Q22 (4)

and the state-space realization of Q.s/ can be written as

Q.s/
sD

A W B

I 0 0

C 0 D

(5)

As can be seen from Eq. (3), Fu [Q.s/; 1] clearly allows the in-
clusion of perturbations to the matrix A, mapping it to A C W1.
The contribution of this work is an extension of Theorem 4 from
Ref. 4 to structured real block perturbations that appear in modal
realizations of large space structures (LSSs); it provides a noncon-
servative descriptionof the preceding uncertain model by means of
unstructured uncertainty. This extension is implicit in the proof of
the theorem mentioned before, although it is not explicitly stated.
Next, we show this result.
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Given A and W as prescribed by Eqs. (1) and (2), the structured
and unstructureduncertainty described by Eqs. (6) and (7), respec-
tively, are equivalent to the disk description in Eq. (8), as follows:

fz j z 2 3.A C W1/; 1 2 D g (6)

D fz j z 2 3.A C W1/; 1 2 C2n £ 2n; N¾ .1/ · 1g (7)

D z j z 2
n

i D 1

Di§ (8)

where D , Di§ is de� ned as follows:

D D 1j1 D diag.1i /; 1i 2 IR2 £ 2;

1i D
±®i ¡±¯i

±¯i ±®i

;
N¾ .1i / · 1
i D 1; : : : ; n

(9)

Di§ D fz : jz ¡ ¸i§ j · wi ; i D 1; : : : ; ng (10)

and 3.¢/ is the set of eigenvalues. Here Di§ corresponds to the
complex conjugate pair of disks in the complex plane of radius wi

and centered at ¸i§. Furthermore, if a set of k disks in Eq. (8) has
no intersectionwith the remaining .n ¡ k/ disks, then k eigenvalues
are located within this set of k disks.

Clearly Eqs. (7) and (8) are equal to the result of Theorem 1 in
Ref. 4. Because of the fact that 1T

i 1i D .±2
®i

C ±2
¯i

/ £ I2, then for
diag.1i / 2 D we have N¾ .1i / · 1 ±2

®i
C ±2

¯i
· 1; i D 1; : : : ; n.

Therefore fW1 j 1 2 D g represents all closed circles of radius
wi , i D 1; : : : ; n. Considering that Ai and wi 1i have the same struc-
ture, then fz j z 2 3.A C W1/; 1 2 D g is the set of disks centered
at .®i ; §¯i / of radiuswi , i.e., Di§. This provesEq. (8) Eq. (6), the
latter being a more structured uncertainty description than the one
mentioned in Theorem 4 from Ref. 4, especially useful for modal
realizations of LSS.

The objective of this result is to describe the highly structured
real block uncertainty represented by D as unstructured complex
uncertaintywithout any conservativeness.Note that the experimen-
tal measurementsof the elastic modes produce an experimental fre-
quencyresponsefromwhichwe may obtaineither the setsof realand
imaginary parts or the .!i ; ³i / pairs to represent the � exible struc-
ture dynamics.The choice is up to the designer’s preference;there is
no natural representation.Based on these arguments,we may adopt
as the uncertainty set n circles covering the clusters of eigenvalues
representing the elastic modes with no explicit conservativeness.

General Aerospace Flexible Structure Uncertain Model
In structural engineering a reasonable model for an aerospace

� exible structure contains a large number of elastic modes and is
usually obtained from � nite dimensional approximations, such as
the � nite element method or through experimental identi� cation.
Both approaches provide reasonably accurate estimates of the fre-
quenciesandmode shapesonly for the � rst few modes.As discussed
in Ref. 4, only the low-frequency modes within the bandwidth of
control can be modeled by the eigenvalue perturbation approach
because according to the uncertainty radius an open-loop unstable
model could be obtained. To avoid this situation, the center of the
disks can be moved to locations with higher damping than the ones
corresponding to the nominal eigenvalues.

The nominal model of the � exible structurecan be divided in two
parts. The � rst contains only the low-frequency modes, which via
LFT can include any estimate or experimentally identi� ed informa-
tion about the range of variation of the structural parameters (³i and
!i ) by means of the radii wi of the disks Di§. In the second the
remainder elastic modes constitute the high-frequencyuncertainty
partof the uncertainmodelandwill be coveredby an additiveweight
Wa.s/. Usually, the latter presents a small relative magnitudeat low
frequencies, which re� ects the fact that the nominal model repre-
sents the physicalplant accurately in this part of the bandwidth.The
� nal uncertainty model is

G1 .s/ D Fu [Q.s/; 1fm] C Wa .s/ 1a (11)

with N¾ .1a/ · 1, 1a 2 Cr £ r and N¾ .1fm/ · 1, 1fm 2 C2n £ 2n . Here
n is the number of elastic modes of the nominal model G.s/, and
r is the dimension of the input and output vectors to 1a . The un-
certainty represented by 1fm is selected as a complex dynamic but
representswith no conservativenessthe uncertain elastic modes. Fi-
nally, to increase the damping in the low-frequency elastic modes,
a performance weight Wp.s/ is incorporated.It is used to minimize
the resonance peaks of the � rst low-frequencymodes, as compared
with their open-loop response values.

Application Case
The method proposed in this work will be applied to the NASA

Control–Structure Interaction (CSI) phase 0 model.6 This example
illustrates the use of our result in practical applications. It exhibits
many of the characteristicsof a typical aerospace� exible structure,
i.e., many low-frequency and densely packed modes, structural in-
teraction among components, and small structural damping. The
structure consists of two vertical towers and two horizontal booms
attached to the main section of 15.24 m. A re� ector is mounted in
the shorter vertical tower, and a laser source is located at the top
of the other tower. Eight proportionalbidirectionalgas jets provide
the control action, whereas eight collocatedaccelerometersgive the
outputmeasurements.The nominalmodelof this structureis derived
from a � nite element formulation and has six modes because of its
suspension device and 80 actual elastic modes. A reduced-order
model consisting of 25 elastic modes is obtained from a controlla-
bility/observability elastic modes analysis. For the CSI model the
analytical natural frequencies are accurate within a 0.1%, whereas
the nominal damping factors in the order of 0.5% below 2 Hz are
precise within 1%. Therefore, the regions generated from a 0.1%
error in the natural frequencies and 1% in the damping factors for
the � rst nine lowest frequency modes are modeled via eigenvalue
perturbation techniques and covered by a constant diagonal matrix
W 2 IR18 £ 18 , i.e.,

W D diag f!i £ I2g
[!1 ¢ ¢ ¢ !9]

D [9 9 10 46 47 55 93 109 118] £ 10¡4

The remaining 16 structural modes are considered as additive un-
certainty and are covered by the weight Wa.s/:

Wa.s/ D 0:11
.s C 1:5/32

.s C 32/1:5

3

I8 £ 8 (12)

The performance transfer matrix Wp.s/ is chosen to penalize the
resonance peaks of the � rst nine lower-frequency modes and is as
follows:

Wp.s/ D
1

130

10

.s C 10/
I8 £ 8 (13)

Here, we compute two different controllers by ¹-synthesis. The
reader is referred to Ref. 5 for further details on this procedure.For
the controller K1.s/ the uncertainties related with the lower elastic
modes are modeled using a full block 1 f 1 2 C18 £ 18, whereas in
K2.s/ nine perturbations of rank 2 are used, i.e., 1 f 2 D diag.1i /,
1i 2 C2 £ 2 with N¾ .1i / · 1, i D 1; : : : ; 9. We begin with an initial
H1 design, which reaches a ¹ value of 461.46, far from the desired
unityvalue.After one D¡K iterationand through� rst-order D scal-
ings, thecontrollerswere synthesized.Bothwere reducedto an order
of 73bybalancedstochastictruncation7; thiswas accomplishedwith
a degradationeffect less than 0.01% on the closed-loop¹ value.The
closed-loop transfer matrices for K1.s/ and K2.s/ achieve ¹ values
of nearly 1, as shown in Fig. 1. These robust performance plots for
1 f 1 and1 f 2 presentan equivalentbehavior,and themaximumvalue
is obtainedat the same frequency.Also, nominalperformanceresults
using the 25 degree-of-freedom(DOF)model (not shown) indicatea
similar reductionof the peaks heights for the � rst nine elastic modes
achieved with both controllers, while the remaining 16 modes are
left unchanged because of the controller gain roll-off across them.

Worst-caseperformancedegradationplots,which show the trade-
offs between size of uncertainty and worst-case performance, are
presented in Fig. 2. Worst-case perturbations with block structures
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Fig. 1 Robust performance plots: – – –, D f1, and ——, D f2.

Fig. 2 Worst-case performance degradation: – – –, K1(s), and ——, K2(s).

as 1 f 1 and 1 f 2 of several sizes were generated5 using the nine-
DOF model in G1.s/, closed-loop interconnected with K1.s/ and
K2.s/. These plots show that a near identical robust performance
condition is achieved for the uncertainplants G1.s/ generated with
a complexdynamic perturbation.1 f 1/ and thosegeneratedwith the
more stringent structured representation.1 f 2/. Note that according
to our result an even more structured description could have been
adopted for the elastic modes, i.e., 1 2 D as de� ned in Eq. (9). We
should note that the exact optimal synthesis procedure for general
structured real uncertainty is a problem that cannot be solved by
polynomial time algorithms (NP-hard problem).

Conclusions
This work has presented an alternative description of the uncer-

tainty associated with the natural frequency and damping factor of
each elastic mode in an aerospace � exible structure. It has been
proved that an unstructured perturbation of full rank and a highly
structured real block diagonal perturbation, affecting the nominal
model, produce an equivalent description of the set of eigenval-
ues associatedwith the elastic modes. This represents a very useful
result for the design of controllers by the H1=¹-synthesismethod-
ology. If only robust stability needs to be achieved, an H1 opti-
mal controller solves the problem because the elastic modes are
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described as global dynamic uncertainty. In the case where robust
performance is sought, we may even incorporate an additive un-
certainty description for the unknown higher-frequencymodes, and
only three uncertaintyblocks will be needed,which allows an exact
computation of the ¹ seminorm.
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Introduction

L INEAR feedbackcontrol methods for full-dimensionalcontrol
of structural systems are well established. One accepted ap-

proach is to control the structure’s motion by controllingits modes.1

The designer � rst prescribes a desirable dynamic performance for
each controlled mode and then synthesizes a full-dimensionalcon-
trol from the modal control forces. Another approach, which is
particularly robust in the presence of modeling error and actuator
failure, is called decentralized control or local control.2 Using this
approach, the full-dimensional control forces and the sensor mea-
surements are related by a decentralized (local) control algorithm.
Still another approach is to employ linear optimal control theory.3

Each approach has merit—the � rst approach placing highest prior-
ity on dynamic performance, the second approach placing highest
priority on design simplicity and robustness,and the third approach
placing highest priority on optimality.
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In an attempt to satisfy the requirements of all three approaches,
it was later shown that uniform damping of the structure’s natural
modes of vibration leads to a local control that is near globally
optimal.4 The limitationof uniformdamping is that it is onlycapable
of controlling settling time and not capable of controlling peak-
overshoot and steady-state error. This Note extends the uniform
damping results given in Ref. 4, � rst showing that uniform damping
and uniform stiffening of the structure’s natural modes of vibration
leads to a local control.The three settling-time,peak-overshoot,and
steady-state error requirements are satis� ed as well.

The developmentof the uniform damping and uniform stiffening
control algorithm proceeds by � rst considering distributed control
forces. The distributed control forces are then discretized in order
to realize the uniform damping and uniform stiffening by means
of discrete forces. The method of discretizing the controls that is
developed in this Note is a weighted residual method. The method
is capable of turning local distributed control forces into either lo-
cal discrete control forces or into global discrete control forces,
depending on the admissible functions used in the discretization.
A numerical example shows the discretization of local distributed
forces into global discrete forces.

Modal Control
The vibration of a normal-modestructural system is governed by

the linear differential equation

½.P/
d2u.P; t/

dt 2
C Lu.P; t/ D fC .P; t/ C fD.P; t/ (1)

where ½.P/ denotes mass density at point P in the domain D of the
structural system, u.P; t/ denotes displacementat point P and time
t , L is a self-adjoint linear operator expressing structural stiffness,
fC.P; t/ is a control force, and fD.P; t/ is a quasistatic external
disturbance.5 The linear feedbackcontrol force has the general form

fC .P; t/ D ¡Gu.P; t/ ¡ H
du.P; t/

dt
¡ I u.P; t/ dt (2)

where G, H, and I denote proportional feedback, derivative feed-
back,and integral feedbacklinearoperators,respectively.The struc-
tural system exhibits normal-mode behavior. Accordingly, the dis-
placement u.P; t/ is expressed as an in� nite sum of natural modes
of vibration Ás .P/ multiplied by modal displacements ´s.t/, as

u.P; t/ D
1

s D 1

Ás .P/´s.t/

Substituting this into Eq. (1), multiplying the result by

D

Ár .P/ ¢ . / dD

and invoking the orthonormality conditions

D

½.P/Ár .P/ ¢ Ás.P/ dD D ±rs

D

LÁr .P/ ¢ Ás.P/ dD D !2
r ±rs ; .r; s D 1; 2; : : :/

we get the modal equations of motion

d2´r .t/

dt 2
C ´r .t/ D NCr.t/ C NDr (3a)

where

NCr.t/ D
D

Ár .P/ ¢ fC .P; t/ dD (3b)

NDr D
D

Ár .P/ ¢ fD.P; t/ dD (3c)

denote modal control forces and modal disturbance forces, respec-
tively.Next, substituteEq. (2) intoEq. (3b) to yield the modalcontrol
algorithm

NCr.t/ D ¡
1

s D 1

grs´s.t/ C hrs
d´s.t/

dt
C irs ´s.t/ dt (4)


